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Abstract. We study recurrence properties and the validity of the (weak) law 
of large numbers for (discrete time) processes which, in the simplest case, are 
obtained from simple symmetric random walk on Z by modifying the distri- 
bution of a step from a fresh point. If the process is denoted as {S n } n >o, 
then the conditional distribution of S n +i — S n given the past through time 
n is the distribution of a simple random walk step, provided S n is at a point 
which has been visited already at least once during [0, n — 1] . Thus in this 
case P{S n +i — S n = ±l\Si,£ < n} = 1/2. We denote this distribution by 
Pi. However, if S n is at a point which has not been visited before time n, 
then we take for the conditional distribution of S ri +± — S n , given the past, 
some other distribution P2- We want to decide in specific cases whether S n 
returns infinitely often to the origin and whether (l/n)S n — > in probability. 
Generalizations or variants of the Pi and the rules for switching between the 
Pi are also considered. 



1. Introduction 

There have been a number of investigations of recurrence/transience of "slightly 
perturbed" random walks. Roughly speaking we are thinking of processes (in dis- 
crete time) whose transition probabilities are "usually" equal to a given transi- 
tion probability, but "occasionally" make a step according to a different transition 
probability. Arguably the most challenging of these problems is the question of 
recurrence vs transience of "once reinforced" simple random walk on Z rf . In the 
vertex version of this process, the walk moves at the £-th step from a vertex x to 
a neighbor x + y with a probability proportional to a weight w(l, x + y). All these 
weights start out with the value 1, but then w(£, x + y) is increased to 1 + C for a 
given constant C > at the first time £ at which the walk visits x + y. After this 
change the weight of x + y does not change, that is, w(m, x + y) = 1 + C for all m 
greater than the time of the first visit to x + y by the process. In general little is 
known so far about recurrence or transience of such processes (except on Z; see [5] 
for some recent results). Other examples include excited or cookie random walks 
on Z d , introduced by Benjamini and Wilson pQ, which at first visits to a site have a 
bias in some fixed direction and at further visits make a simple random walk step. 
These processes have now been well studied in dimension 1 (see [4] and [13] for 
recent results and references therein), but much less is known in higher dimension. 

Benjamini proposed the study of random walks which are perturbed in a some- 
what different manner. We describe a slightly generalized version of his setup. Let 
P±, P2, . ■ ■ ,Pk, be k < 00 probability distributions on R or on Z, with zero- mean if 
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they have finite first moment, or symmetric. Intuitively speaking we now consider a 
process S n = So + J2"=i X-t, n > 0, for which the Xg are chosen in two steps. First 
we choose an index i(£) S {1,2, ... ,k} and then, given the past through time £ — 1 
and i(£), the conditional distribution of Xg is taken to be Pj(^(-). More formally, 
if we set 7i n = a((Sg,i(£))g< n ), then we have for all n > 0: 

(1.1) the conditional law of X n+ i given 7i n V a(i(n + 1)) is Pi( n +i)- 

Condition (jl.ip is not enough to describe the law of (S n , i(n)) n >o. This law will 
be completely described once the way the sequence i(n) is chosen will be given, 
or equivalently once the conditional law of i(n + 1) given H n will be given. One 
way is to choose i(n + 1) such that it is 7i„-measurable, in which case there ex- 
ists / : U„>i(H x {1, ... , k}) n -» {1, . . . , k} such that i(n + 1) = f((S k ,i(k)) k < n )- 
In general, there can be added an extra randomness in the choice of i(n + 1), 
in which case, the conditional law of i(n + 1) given H n is a law //„ which is 
a function of (Sk,i(k))k<n- Such laws can be described by mean of a random 
variable A n+ i uniformly distributed on [0,1], independent of H n , and a function 
F : [0, 1] x U„>i(K x {1, . . . , k}) n — > {1, . . . , k}, such that fi n is the conditional 
law of F(A n+ i, (Sk,i(k))k< n ) given Ji n . Note also that there exists a measurable 
function G : [0, 1] X {1, . . . , k} — ► K such that if B is a random variable uniformly 
distributed on [0,1], then Pi is the law of G(B,i). This function G will be fixed 
later on. 

A convenient way to construct processes satisfying I|1.1J1 w iU be to start from 
independent sequences of independent random variables uniformly distributed on 
[0,1], (A„)„>i and (B n ) n >i, an independent random variable (So,z(0)), and a 
measurable function F : [0, 1] xU„>i(Rx{l, . . . , k}) n — » {1, . . . , k} (which describes 
how we choose the law to be used for the next jump). We then define (S n ,i(n)) 
recursively: for n > 0, 

n 9 x / i(n + l)=F{A n+1 ,(S k ,i(k))k<n) 

[L } \ S n+1 -S n = G{B n+1 ,i(n+l)). 

Note that all processes (S n ,i(n)) n >o satisfying Ql.lj) are equal in law to a process 
(S n ,i(n)) n >o defined by 1|1.2[1 for a particular choice of function F. The law of 
this process is thus given by the law of (So, i(0)), the function F and the sequence 
{Pi,..,Pk}. 

Another way to construct (S n , i(n)) is as follows. This construction will be used 
in the last section of this paper. Fix Sq in some way and let {Y(i,ri),l < i < 
k, n > 1} be a family of independent random variables such that each Y(i,n) has 
distribution P,-. These Y(i,ri) can be chosen before any i(£) is determined. Now 
define inductively 

j(i,£) = 1 + number of times Pi has been used during [1,£\, 

and take 

X n +i = S n +i - S n = Y (i(n + l),j(i(n+ l),n)). 

We chose this terminology because we think of the sequence Y(i, 1), Y(i, 2), . . . as 
a supply of variables with distribution P,-, and every time i(£) = i we "use" one 
of these variables. When we come to pick the Y variable at time n + 1 according 
to Pi( n +i) we use the first Y(i(n + 1),-) which has not been used yet. This is 
automatically independent of all Y's used by time n. Note also that by induction 
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on n, 

n k 
t=\ i=l 

We define 

J-q = CT-field generated by So, 

and 

Tn+i = c-field generated by So,T n ,i(n + l),j(i(n + l),n), 
and Y(i(n+ l)J(i(n+ l),n)). 

Once we have observed the variables which generate T n we first determine i(n+l) 
by some rule. This rule may be randomized, but will actually be deterministic in 
our examples. Then j(i(n+l),n) is also determined by i(n+l) and T n - measurable 
functions. Finally we determine Y(i(n + l),n). and that completes the generators 
of Fn+i- The only conditions on the rule for choosing i(n+l) are that, conditionally 
on T n , all the random variables i(n + 1) and {Y{i, j), j > j(i,n), 1 < i < fc}, are 
independent, with each Y(i,j) with j > j(i,n) having conditional distribution Pi. 

Note that if all Pi, i < k, have finite first moment (and zero-mean), then S n 
automatically satisfies the strong law of large numbers, i.e. S n /n — > almost 
surely, as soon as the tails of the Pi are dominated by some fixed distribution with 
finite first moment (see Lemma 1 in However the question of recurrence or 

transience of S n is much more delicate, even when k = 2. In particular in [3], 
Durett, Kesten and Lawler exhibit examples where S n is transient (see also [12] for 
some necessary conditions for transience). 

Benjamini's questions concerned the case when k — 2,P\ puts mass 1/2 on each 
of the points +1 and —1, while P2 is a symmetric distribution on Z in the domain of 
normal attraction of a symmetric Cauchy law (in particular P2 does not have finite 
first moment). As for the i(n), Benjamini made the following choices: i(n + 1) = 2 
if S n is at a "fresh" point, i.e., if at time n the process is at a point which it has not 
visited before. If S n is at a position which it has visited before take i(n + 1) = 1. 
Thus his process is a perturbation of simple random walk; it takes a special kind 
of step from each fresh point but is simple random walk otherwise. His principal 
questions were whether the process {S n } is recurrent and whether it satisfies the 
weak law of large numbers, i.e., whether (l/n)S n — > in probability. 

In Section 2 we first present a method to attack the generalized version of Ben- 
jamini's problem. This rests on finding a positive function which is simultaneously 
superharmonic for all Pj, 1 < i < k, outside some compact set. We do not know 
how general this method works, but we have only succeeded in very limited cases. 
In fact, we do not know how to handle Benjamini's question on Z by this method. 
We can only deal with a setup which is close to Benjamini's setup in spirit. P2 
has to be taken a specific distribution on K and the definition of a "fresh" point 
has to be correspondingly modified. The method does, however, allow for small 
perturbations of P2 (see Proposition I2.3|) . 

In Section 3.1 we present another method. This one allows us to answer Ben- 
jamini's first question affirmatively (see Example I3-7|) . Our principal tool in this 
method is a coupling between the S n of Benjamini's process and a Cauchy random 
walk. The latter is a random walk with i.i.d. steps, all of which have a symmetric 
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distribution P on Z which is in the domain of normal attraction of the symmet- 
ric Cauchy law. Unfortunately, so far our method works only for very specific P, 
including the distribution of the first return position to the horizontal axis of sym- 
metric simple random walk on Z 2 . It seems that even asymptotically small changes 
in P cannot be handled by this method. In Section 3.2 we present an analogous 
method in a continuous setting, i.e., when P is a distribution on R, and prove in 
particular that if P is the usual Cauchy law (with density l/7r(l + y 2 )), then {S n } 
is recurrent (see Proposition 13. 15p . 

The coupling method presented in section 3 permits also to give sufficient criteria 
for the process {S n } to be transient. 

In section 4 we prove a weak law of large numbers for Benjamini's process. 
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in this paper. 



In this section we will make a few restrictions on the distributions Pi . (|2.ip and 
(|2.2j) seem reasonable if we want to obtain recurrence our process. (|2.3j) is a simple 
uniformity assumption which is automatic if k is finite. Firstly, we disallow two 
successive steps which come from a distribution Pi which is concentrated at the 
origin. In other words, 



Finally we assume 

, v there exists some Lq < oo such that for all 1 < i < k, 

supp (Pi) is either unbounded or contained in \—Lq,Lq\. 

We point out that in Benjamini's case the state space for his process is Z. We shall 
formulate our first theorem in the real valued case only, and leave the modifications 
for the integer valued case to the reader (see also Section 3.1). This theorem is 
essentially Foster's recurrence criterion (see Theorem 2.2.1 p. 26 in [7]). 

Theorem 2.1. Let k < oo and let {P%,i < k) be a sequence of probability distri- 
butions. Also let (S n ,i{n)) be a process satisfying (|l.ip . Assume that l|2.ip . (|2.2p 
and l|2.3p hold. Let g be a Borel function on R satisfying (|2.4p and (|2.5p below. 



2. SUPERHARMONIC FUNCTIONS 



, j\ we cannot have for some n that -Pi( n _i) and 

Pti n \ are both concentrated at the origin. 

Secondly we require that for all i £ {1,2,..., k}, 



(2.2) 




(2.4) 



< g(x) < oo on R; 



(2.5) g(x) — > oo as \x\ — > oo. 

Assume that there exists a compact set K such that 



(2.6) 




g(x) for all x ^ K and all 1 < i < k. 
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Then {S„} n >o visits K infinitely often with probability 1. 

Remark: Except for l|2.1[l . and the condition that the function F used to spec- 
ify the successive i(n) be measurable, there are no requirements on the rules for 
choosing the 

Proof. Even though Sq can be taken in a random way, we can simply condition on 
So and can therefore regard So as a fixed finite number. We shall indeed make this 
assumption for this proof. We will also use the first construction of (S„, i(n)) given 
in the introduction by (jT72j) . 

Define T to be the entrance time of K, that is 

T = mi{n > : S„ G K}. 

Then T = oo if S n never visits K. It suffices to prove that for each choice of So, T 
is finite with probability 1 (w.p.l). Now set 

U(n) = 5(S nAT )- 

Hypothesis (|2.6p states that {U(n)} n >o is a supermartingale, and il 2.411 that it is 
non-negative. Therefore, by the (super) martingale convergence theorem, U(n) has 
w.p.l a limit, U(oo) say, as n tends to infinity. Moreover, by Fatou's lemma 

E{U(oo)} < liminf E{U(n)} < U(0) = So- 

n — >oc 

(Recall that we took So to be fixed and finite.) In particular, U(oo) is finite w.p.l, 
which implies that w.p.l there exists a random integer L 6 oo such that 

U(n) £ [-L, L] for all large n. 

On the event {T = oo}, it holds U(n) — g(S n ) for all n. Since Q2.5P holds, it 
therefore suffices to show for each fixed integer L > 1 that 

(2.7) the event {S n G [-L, L] for all large n} has probability 0. 

In fact, by obvious monotonicity in L, it suffices to prove l|2.7p for all L so large 
that for each i the support of Pi is either unbounded or contained in [-L, L] (see 

(TZ1). 

To prove i|2.7p we fix L > and define for 1 < i < k, 

5i = 5i{L) := J P i {h2i,2i] c }. 

Let Gn — WnVc(i(»+l)). Then (G n )n>o is afiltration. Denote the event {|S n _i| > 
L or \S n \ > L} by E n . Note that E n e Q n and that E n D {\G(B n ,i(n))\ > 2L} 
(see a few lines before (|1.2p for G) Then 

P{E n | g n -i} > P{\G(B n ,i(n))\ > 2L \ g„_ x } = ^ (n) . 

Levy's extension of the Borel-Cantelli lemma (Theorem 12.15 in [16]) states that 
a.s., 

l En < OO. 

n n 

It follows that a.s. on the event {X) n ^(«) = °°}' ^ n n °lds infinitely often (i.o.), 
so that {S(n) [— L, Z],i.o.} occurs. Thus, if for a certain i, Si > 0, then on the 
event {i(n) — i, i.o.}, we have {S(n) ^ [—L,L], i.o.} occurs. Consequently, 

P{S n G [—L,L] for all large n} 
= P{S n G [-L, L] and 5^ = for all large n}. 
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The preceding paragraph shows that for the purpose of proving (|2.7p we can 
ignore the indices i with Si > 0. More precisely, let Io = {i G [1, k] : Si = 0}. Then 
we have shown that 

P{S n € [— L, L] for all large n} 
= € [— L, L] and i(n) G To for all large n} 

oc 

< ^2 P{S n G [— Z, L] and i(n) G Io for n > m}. 

m— 1 

We must now show that 

(2.8) P{S n G L] and i(rc) G I for all n > to} = 

for each m. We shall do this by applying the martingale central limit theorem to 
an auxiliary sequence of random variables {Z n }. First we introduce a sequence of 
random variables { , k > 0} which are independent of each other and of all the 
(Ak,Bk). Each Yk will have the same distribution, H say, which has support in 
[— L, L] \ {0}, has zero mean and nonzero variance a 2 . Now fix m and define 

_ f G(B n ,i(n)) if G Jo for all m < £ < n 
n ~ \ Y n if i{£) £ Io for some m < £ < n. 

We shall say that i(n) — in the last case, that is, when i{£) ^ 7o for some 
£ G [rn, it]. Accordingly we shall write Pq for H. We shall further write for n > rn 

n 

W n = 5 m _! + £ Z/. 

On the event in ([2JJ, Z„ = G(B n ,i(n)), and hence (by fL2]i) 5„ = M^, for all 
n> m. It therefore suffices for l|2.8p to prove that 

(2.9) P{W n G L] for all n > m} = 0. 

We claim that {W n ,n > to} is a martingale with respect to the cr-fields 

Gn :=G n V<T{Wi,W 2 ,...,W n }. 

Moreover, its increments Z n ,n > to, are bounded. This can be seen as follows. 
The conditional distribution of is simply the distribution Pi for 

some i G {0} U Io- Which value of i e {0} U Io is to be used is determined 
by i(£),£ < n + 1, and is therefore an C/„-measurable determination. After this 
determination the conditional distribution of Z n +i = W n +i — W n given Q n equals 
the unconditional distribution with the chosen i(n + 1) G {0} U Io- In any 

case this distribution has mean zero and bounded support (by requirement (|2.2p 
and the definitions of Io and H). This proves our claim. 
Now define 

r(A) = inf{n > m : ^ Z 1 ^ A i- 

m<£<n 

We first show that these stopping times are finite w.p.l. Indeed, it follows from 
(|2.ip that there exists constants C\ , Ci > (independent of such that for all £ 

(2.10) + Zf (t+1) > C x | > C7 2 . 

To see this, let Jj = {i G [0, fc] : Pi({0}) = 1}. If i I\, then there exist some 
Ci, C2 > such that Pi{Y 2 (i, £) > C\} > C%. Since I\ is finite we can choose C\, C2 
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equal to some C±, C2 > independent of i and I, Note that Q ^ Ii, because Pq = H 
puts no mass on {0} at all. Now (fSTTj) states that P £ h and i(£+l) G /1} = 0, 
and by the last few sentences this implies l|2.10p . The relation (|2.ip was only 
assumed for values i(n — l),i(n) S [1, fc], but (|2.ip and l|2.10p remain valid if we 
also allow i(n — 1) = or i(n) = 0, because Pq = H puts no mass at the origin, 
as just pointed out. Now (|2- 10|) implies that the indicator functions of the events 
i Z i(2£) + ^ 2 (2^+i) > Ci} for to < ^ < to + n/2 can be coupled with i.i.d. Bernoulli 
random variables Vi,m < £ < m + n/2 with P{Vi = 1} = 1 — P{Vt — 0} = C2, such 
that l\Z\, %t) + Z?, u+1 s > Ci] > V^. Finally this shows that for C 2 (n-m) > 2A/C7i 

P{r(A) > n} < 

< 



< 

Thus the probability of r(A) < n tends to 1 as n — > 00 with A fixed. This finally 
establishes that each r(A) is finite w.p.l. 

We can now apply the central limit theorem for martingales. We use the version 
of Theorem 3.2 in [8j with their X n ,i replaced by our 

-^=Z m+l I[0 < i < r(A) - m] 

and their r\ = 1 . This merely requires us to check that 



n 

p{5>|<a} 

i— m 

P {{ Z f(2£) + Z i{2i+X) > Cl} for at m ° st 

C2(n — to)/2 values of £ € [m, n] 

n 

P {/Z Ve - C ^ n -™)/2}^0asn-> 00. 

i—ra 



r(A) 



- — > 1 in probability as A — > 00. 



But this relation is trivial, since, by the definition of r(A), 

r(A) r(A)-l 

^<J2 Z i= E z i+ Z r W <^ + Z r(x) <A + 4L 2 , 

i—ra i—ra 

where, for the last inequality we used the elementary bound \Zf\ < 2L. This last 
bound also shows that 

(2-H) r(X) > A, 



which we shall soon need. The conclusion of the central limit theorem is that the 
distribution of 
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converges to a standard normal distribution as A — > oo. In particular, for any fixed 

rn 



P{W„ G [-L, L] for all n > m} 



r(A) 



can be made arbitrarily small by taking A large. Note that the first probability on 
the right here vanishes for large A by virtue of (|2 . 1 lj) . This proves the desired (|2.9p 
and hence $TM and lETTl), □ 



The next proposition gives an example to which Theorem 2.1 can be applied. In 
this case we will get interval-recurrence for a walk {S n } which makes a jump of ±1 
with probability 1/2, respectively a jump whose size has density go(y) = I[\y\ > 
l]/(2y 2 ), when S n = x for an x such that Sg visited (x — a, x + a) at some time 
I < n, respectively did not visit (x — a,x + a) before time n. Here a is any fixed 
strictly positive number. We point out that concavity of the log function implies 

~[g A (x + l)+g A (x-l)] <g A {x) it\x\ >A + 1. 

Thus we can apply Theorem 2.1 with Pi the distribution which puts mass 1/2 at 
±1, and Pi the distribution which has density l/(y 2 ) on \x\ > 1. 



Proposition 2.2. For A > 1 let 

(2-12) g A (y) = 



log if\y\>A 
if \y\ < A. 



Assume that Y has density l/(2y 2 ) on {y : |y| > 1}. Then there exists an Aq > 1 
and for each A > Aq there exists an xq — xq(A) such that for A > Aq and \x\ > xq 
it holds 

(2.13) E{g A {x + Y)}<g A {x)-^^. 

Proof. Fix A > 4 such that 

A logA > 2 + 2A Q 

and let x > 2 A + 1 > 2Aq + 1. Then, since Y has a symmetric density which 
vanishes on (—1, 1), and g A (x — y) vanishes for y € (x — A,x + A), we have for 
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x > 2A + 1 

E{g A (x + Y)} 



J.X-A 1 

J [9a(x - y) + 9A{x + yn-^dy 

px+A ^ 

+ J A [gA{x-y) + 9a (x + y)]^d y 



+ / [9a(x ~ y) + g A {x + y)]—^dy 



x+A 



2y 2 



log(x 2 - y 2 )—dy 



2y 2 



rx+A , 

+ / \og{x + y)—dy 

Jx-A V 
f°° 1 

= f ^21og,)^ + £^(21ogx)^ 

+ lxj 2l ° gX) W dy - 

E{g A (x + Y)} - g A (x) =h+h + h, 
' x 1 — y 2 \ 1 



We now subtract 
9a{x) 

This yields 
where 



h 



x — A 



x 2 -)W dV ' 

rx+A 



and 



/x+A ^ rx+A y 

^ [log(a; + y) - log x] dy - J ^ (log x)^dy, 

(y 2 — x 2 \ 1 , 



h = 



x+A 



The inequality (|2 . 13[) is therefore equivalent to 

A log A 



(2.14) 



h+h+h< 



2x 2 



To prove (|2 . 14[) we begin with an estimate of 1% , which is the easiest of the three 
terms in the left hand side of 1|2.14[) . 

l-x+A 



{ lo & x )-J-2 d y 



x — A 



2y 2 



l 



i 



.2(a: -A) 2(x + A) 
A log x A log x 



logo; 



1 



Here and in the sequel, o(g(A, x)) stands for an expression which satisfies 

o{g(A x)) 

— r- — r > as X — > oo 

g(A, x) 

while A remains fixed. Similarly 0(g(A,x))/g(A, x) remains bounded as x — > oo 
while A remains fixed. 
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Further, for y S (x — A, x + A), we have 



log - < log(2x - A) < log(x + y) < \og(2x + A) 



for large x, so that 



and hence 



1, 

'x' 



[log(x + y) -logx] =log2 + (9(- 

^41ogx 



1 



1 



2{x-A) 2{x + A) 
A log 2 A log x , 



log 2- 



1 



x z. x ± ^X* 

Next we turn to an estimate for I\. Substitution of z — y/x and integration by 
parts gives 



h 



1 

2x 
1 

2x 



l-A/x | 

log(l - z 2 )^dz 
z z 

l-A/x 
l/x 



1/, 



-log(l-z 2 ) 



1 

2x 



1-A/x 



l/x 



z 1 + z s 



dz 



1 

2x 
1 

2x 
1 

2x 

1 r 

2x 
1 

2x 



1 , ,2A A 2 , , . 1 . 
log( 2") -xlog(l- — ) 



1 - A/x 



-\-lo g (l-z)+\og(l+z)) 1 - x A/x 

. ,2A, A ,2A, A 1 
log(—+- log —)- — + - 

X X X Ix X 



log - + log (2 - -) 



1 1 



2 log 2 - 



A log a; A\og(2A) - 1- A 



1 



a; a; 

Finally, in ^3 we substitute z — x/y and integrate by parts to obtain 

r x/(x+A) 

[log(l - z 2 ) - \ogz 2 ]dz 



h = — 



1 

2~r 
1 

2x 

1 r 

2~r 
1 

2x 
1 r 
2x 



z log(l - z 2 ) -2z- log(l - z) + log(l + z) - 2z log z + 2z 



x/(x+A) 



(1 - z) log(l -z) + {l + z) log(l + z) - 2z log z 

^41ogx Aloe A , A y41og2 2 A 
— + 2 log 2 - — + _ 



x/(x+A) 







2 log 2 



A log x A log A - A + A log 2 



1 



By combining 2i — I3 we find that 

E{g A (x + Y)}-g A (x)} < - 



AlogA - A - 1/2 



1 



It is clear now that there exists an xq{A) such that the term o(x~ 2 ) in the right 
hand side here is at most l/(4x 2 ) for all x > xq. By our choice of A the inequality 
(|2.13fl is then valid for x > x , and by symmetry even for \x\ > xq. □ 
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Remark. Similar calculations can show that if Y has a symmetric density equiv- 
alent to l/|y| 1+t * when \y\ — > oo, for some a S (1, 2), then there exists A > such 
that 

E{g A (x + Y)}<g A {x), 
for all | a: | sufficiently large, where qa is as in (|2.12l) . 

Now let qa be as in (|2 . 1 2[) . but let the distribution of Y be G(-). Write Go for the 
distribution used in Proposition 12.21 namely the distribution with density l/(2y 2 ) 
on (— oo, —1] U [1, oo), and with zero density on [—1, 1]. Let Eq denote expectation 
with respect to Go and let Yq be a random variable with distribution Go- 

In the next proposition we shall show that if Y has a symmetric distribution 
with distribution function G, and G is close to Go, in the sense of (|2 . 1 T[) below, 
then we still have for A > A and |x| > x Q (A) that 

(2.15) E {gA{x + Y)}<g A {x)-^£. 

Thus the application of Theorem 2.1 explained just before Proposition l2.2l has some 
robustness. 

To formulate this robustness we introduce the signed measure with distribution 
H := G — Go- Thus H{B) = G{B) — Gq{B) for any Lebesgue measurable set 

Bel 

Proposition 2.3. Let 

(2.16) Y have a symmetric distribution 

(with respect to the origin, so that G{—u) = 1 — G(u—) for u > 0). Assume further 
that 

(2.17) limsup [y\ogyf\G{y) - G (y)\ < oo. 
Then ([215]) holds. 

Proof. Just as in Proposition 12.21 we have for large |x| 

E{g A {x + Y)} - g A (x) = J x + J 2 + J 3 , 



where now 
J 2 = 

and 



Ji= [ log (^L)G(dy), 

J(0,x~A] \ X* J 

I [log(x + y) -log x]G(dy) - log x G{dy), 

J(x-A,x+A] J(x-A,x+A] 

,,2 ^2 



Js= I log (y—^-)G(dy). 

J(x+A,oo) \ X / 

Note that we started the integral in Ji at y = rather than at y = 1 as in I\. 
It does not matter whether we include the origin in he domain of integration for 
Ji, because the integrand vanishes at y = 0. We shall now estimate Ji — 1% for 
i = 1,2,3. First take i = 1. Integration by parts shows 

Ji = log ( ga " (8 a " il)a ) G(x - A) + ( -^L_ 2 G(y)dy. 

\ X 2 J J(0,x-A] x - V 
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Ji -h= log ( a A) ) [G(x — A) — Gq(x — A)} 



2 -^-j [G(y) - G (y)]dy. 



If we replace G by Go in the right hand side here, then we obtain I\. Therefore 

'x 2 - (x- A) 2 -- 

jx — i x = iog y 

(2.18) 

J(0,x-A] x V 

Now by l|2.17p there exists a constant G3 such that 

[irloga;] 2 |G(:r) — Go(a;)| < G3 for all large x. 
Thus for x greater than some X\ = xi(A) 



x 2 



log ( ^ % A)2 )[G(x-A)-G (x-A)} < I. 



Moreover, for suitable constants Ci and for large x, the integral in the right hand 
side of (|2. 18|) is bounded in absolute value by 

— + C r A 2V 1 dy 

x 2 3 7c 5 - y)^ + v) [yiogy] 2 

< ^ + ^1 r~ A 1 dy 

x 2 x J C5 y(x - y)(logy) 2 
d , 2G 3 i" x ~A 11 1 



x 2 x 2 y G5 (logy) 2 L y (a;-y)- 

< ^ + f 72 2 dy + r A 1 d 

x 2 x 2 J Cb (logy) 2 y x 2 J x/2 (log y) 2 (x - y) 

<- % 

x z 

Thus, it holds for all large x 

(2.19) \j x - h \<±±£l. 

The reader can verify that G3 — C§ can be taken independent of A > 1. We shall 
use this fact a little later on. 

Next, again by integration by parts, 



•h-h = \ pog(a: + i/)-logx][G(di/)-Go(d|/)] 

J (x-A,x+A] 

(logx)[G(dy)~G (dy)} 

(x — A,x+A] 

= [log(x + y)- \ogx][G{y) - G (y)]^ 
(2.20) / ^^[ G ( 2/ )_G (y)]dy-(log^)[G(y)-G (y)]^. 

The first term in the right hand side here is for large x at most 

G 7 



\og3\G(x + A) - G (x + A) \ +\og3\G(x - A) - G Q {x - A) \ < 



:loe 
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by virtue of (|2.17|) . Also by Q2.17|l . the integral in the right hand side of l|2.2Qp is 
bounded by a constant times 

/ ~TrT — \2 d V = °(~2 ) • 
J{x-A,x+A] V (logy)'' x x 2 ' 

Still under (|2~T7j) also the last term in (|2~20|) is o(x~ 2 ) . 
Finally, for large x, 

\j 3 -h\ 



< 



< 



< 



< 



I log( 



y 



(x+A,oo) 

(logx 2 ) 

/ 1 x 



[G(dy) - G (dy)] 



[G(dy) - G (dy)} 



(x+A,oo) 

log(y 2 -x 2 )[G(y)-G (y)} 



(x+A,oo) 



log(y 2 - x 2 )[G(dy) - G Q (dy)} 



OO 

x+A 



2/y 



2C 3 



1 



1 



y- a; 

2x 



[a; logx] 2 7,,+^ y 



[y logy] 2 

x 



dy 



[y logy] 



+a y 



-dy 



-[G(y) - G (y)]dy 



1 



By combining the various estimates and using Proposition 12.21 we see that 

E{g A (x + Y)} = E{g A (x + Y )} + J l -h + J 2 -I 2 + .h-h 

AXogA 2 + C 6 
< 9a{x)-^^ + —^- 

for large x. As we observed right after l|2.19p . Cq is independent of A. We can 
therefore choose Aq so large that 2 + Ce < {A/ A) log A. Then, for A > Aq and x 
large, (|2~15l) follows. □ 

3. Coupling method 

In this section one wants to construct the process {S n } coupled to another pro- 
cess. If such a coupling exists, then {S n } automatically is recurrent (transience 
properties will also be considered). The problem now is whether the required cou- 
pling exists. The next subsections describe the desired coupling. 

3.1. Discrete case. 

3.1.1. Successfull coupling. The following properties, which a Markov chain with 
transition matrix Q on 1? may or may not have, will be useful. If (U, V) is a 
Markov chain on 1? starting from (0, 0), with transition matrix Q, let 

T = T(Q) := inf{n > : V{n) = 0}. 

If 

(3.1) T is a.s. finite, 

then the law P of Ut is well defined. This P equals <p(Q) for some function (p. 
The following definition may differ slightly from the definition the reader knows. A 
process on Z is said to be recurrent if for any u E Z the process visits u infinitely 
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often. We say that a law P on Z is recurrent, if the random walk whose steps have 
distribution P is recurrent. 

Another property is invariance under horizontal translations, that is, 

(3.2) Q[{u,v),{u',v')] = Q[(0, v),{v! -u,v')} for all (u, u', v,v'). 

The next property is that Q can be coupled with a certain given transition matrix 
Qo on Z 2 in such a way that "paths chosen according to Q lie below paths chosen 
according to Qo-" The precise meaning of this is that l|3.5p below holds. Assume 
that Q and Qo are translation invariant in the sense of Q3.2p . We say that Q can be 
successfully coupled with Qo if there exists a transition matrix Q on Z 3 such that 

(3.3) 2J <3(( u > v, w), (u', v', w')) = Qo((u, v), (u' , v')) for all (u, v, to, u', t/), 

•w' 

(3.4) Q((u, v, w), (u , v' , w')) — Q((u, w), (u , «/)) for all (it, v, w, u , w'), 

v' 

and 

(3.5) Q((u,v,w),(u' ,v' ,w')) — for all (it, v, w, u',v', w') 

such that |to| < \v\ + 1 and \w'\ > \v'\ + 1. 

In this case we say that Q is successfully coupled with Qo by Q. Condition Q3.5P 
implies that if (£/, V, W) is a Markov chain with transition matrix Q such that 
|W | < \Vo\ + 1, then a.s. for all n > 0, \W„\ < \V n \ + 1. Condition (33]) (resp. 
p.4p ) implies that (U, V) (resp. ({/, W)) is a Markov chain with transition matrix 
Qo (resp. Q). Note finally, even though this will not be needed, that (|3-3j) with 
p.4p implies that U is a Markov chain. 

Let (£/, W) be a Markov chain on 1? with transition matrix Q. In order to prove 
recurrence properties, we shall need a kind of irreducibility condition. Set 

(3.6) B := {(U, W) visits the horizonal axis at some time > 1 

and does so first at the origin } , 
and for p > 0, write C{p) = C(p, Q) for the property 

(3.7) Q* ± {B}> P: 

where Q* + (resp. QI) denotes the law of the Markov chain (U, W) when it starts 
at (U~o,Wo) — (0,1) (resp. when it starts at (C/o,Wo) = (0,-1)). This property 
will be used to prove certain stopping times (the Tj below) are finite. We remind 
the reader that recurrence is defined in the lines right after (|3,lj) . 

Lemma 3.1. Let Q and Qo be two translation invariant transition matrices on Z 2 
such that Q is successfully coupled with Qo- Assume that (|3.ip holds for Qo- If 
ip{Qo) is recurrent, and (|3.7p holds for Q for some p > 0, then l|3.ip holds for Q 
and <p(Q) is recurrent. 

Proof. Assume that Q is successfully coupled with Qo by some Q. Let ([/, V, W) be 
a Markov chain on Z 3 with transition matrix Q starting at (0,0,0) and denote by 
P the law of this Markov chain. Let u be arbitrary in Z. Since <p(Qo) is recurrent, 
(U n , V n ) = {u, 0) infinitely often P-a.s. But since Q is successfully coupled with Qo, 
it must hold at every time n at which (J7„, V n ) = (u, 0), that \W n \ < 1. This implies 
that the event £ n := {U n = u, W n € { — 1, 0, +1}} occurs infinitely often P-a.s. Let 
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cr(l) < cr(2) ... be the sequence of the successive times at which £ t occurs and 
define the cr-fields 

JC t = a((U n ,W„);n < t), C t = K a (ty 
Further, define the events 

Bn = {W a(n) = 0} - {(U a( n),W a{n) ) = («,Q)}, 

and 

(3 g) Bn = B n U B n+1 

[ "'"" ' = B n U {W a{n) = +1, W a{n+1} = 0} U {W a(n) = -1, W a(n+1) = 0}. 

We shall complete the proof by showing that 

(3.9) B n occurs infinitely often P-a.s. 

Clearly this suffices for recurrence, since 

U n >iB„ = U n >iB n . 
Now B n G C n +\. Moreover it holds 

¥{B n | £„} = l {WV( „ )=o} + nW^n+x) = | C n }l {w ^ l} 
+ P{^ CT(n+1) = | C n }\ {Wa{n) _ l} 

> hw, w=0 } + Q+{B}l { w^ l} + Q* {S}l{w CT( „ )= _ 1 } 

(by Markov property and translation invariance) 

> p (by(E3). 
Consequently, 

5]P{6„ | £„} > ^p-oo. 

n>l n>l 

The conditional Borel-Cantelli lemma (Theorem 12.15 in [16j) now implies that 
J33 holds. ' ' □ 



This lemma proves recurrence of (the trace on the horizontal axis of) a Markov 
chain which uses only one transition matrix Q. Benjamini's process is built up 
by concatenating excursions from Markov chains with more than one transition 
matrix. We shall use arguments very similar to the preceding lemma, but involving 
different transition matrices, in Theorem [ 



3.1.2. Coupling of a modified walk with a Markov process in 1? . Throughout this 
subsection we let (Qi,0 <i<k), with k < oo, be a sequence of transition matrices 
on Z 2 , translation invariant in the sense of l|3.2p . and such that for all i S [l,fc], 
Qi is successfully coupled with Qo by some Qi. We assume that (|3.ip holds for all 
Qi, i < k. Note that by Lemma l3~l| if Qo satisfies (|3.ip and if <p(Qo) is recurrent, 
then the Qi for 1 < i < k automatically satisfy l|3.ip as well. Set Pi = <p(Qi) for all 
i < k, and let F and G be the functions as defined in the introduction. We denote 
by (S n ,i(n)) the process defined by (|1.2p . 

Let us now define the coupling between the (generalized version of) the Benjamini 
process {S n } and the Markov process with transition matrix Q on 1? . In order to 
carry this out, we note that for all i, there exists d : 1? x [0, 1] — > Z 3 , such that if 
R is a uniformly distributed random variable on [0, 1], then 

Qi((u, v, w), («', v\ «/)) = P[Gi((«, v, w),R) = (u', v', w')}. 
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Here and in the sequel we write P for the measure governing the choice of one or 
several uniform random variables on [0,1]. It will be clear from the context to 
which random variables this applies. Let F% := {1, .... k} and define F : Z x x 

U„>i(Z x N fe )" x [0,l]->N fcl by 

(3.10) F((w,i), (ui,u) <e< n ,a) = i if \w\ > 1. 
and by 

(3.11) F((0, i), (ut, ie)o<e<n, a) = F(a, (ui,it)o<t< n )- 

This function F determines the index i in Qi which will govern the steps in our 
modified random walk over a certain random time interval, as we make more precise 
now. Let (A^)i>\ and (B()i>i be two independent sequences of i.i.d., uniformly 
distributed random variables on [0,1]. Let Uq and Iq be random variables (respec- 
tively on Z and on Nfe), independent of (Ai)i>\ and (B£)t>\. We will assume that 
{Uq,Iq) and (So,i(0)) have the same distribution. Let 

T n = tr((Ae, B e );£ < n) V <t{U ,I q ). 

Define U t = (U e , V e , Wi) and h for t > 1 by the following: set r = 0, F = Wo = 
and for n > 1 

(3.12) r„+i = inf{£ > r„ : Wt = 0}. 

In Lemma [3.31 we shall show that if <^(Qo) is recurrent, and the Qi satisfy l|3.7p . 
then these stopping times are P-a.s. finite. For m > 0, set 

(3.13) Im+l = F {(W m ,I m ), (U Tll I Tl ) { Tl <m} i Am+l) , 

with F as defined in (|3.10p . and 

(3.14) Um+l = Gi m + 1 (U m , B rn+ i). 

Note that (U m , ("n){ T! <m}> I m ) is .F TO -measurable, Note also that p.lOp implies that 
Im+i — I m when \W m \ > 1. This ensures that for all me [re + 1, re+i], I m = I Te +i- 

Lemma 3.2. The process (U n ,V n )n>Q is a Markov chain with transition matrix 
Qo- 

Proof. For n > and (u',v') in Z 2 , 

P{{U n+1 ,V n+1 ) = (u',v') | T n } = £>{ft,+i = («',«',«/) and i"„+i = i | JP"n} 

w' ,i 

= ^2F{Gi(U n ,B n+1 ) = {v,',i/,v/) and 

w' ,i 

A n +i) = i | -^n} 
= J2Qi(Un, (u',v', W '))¥{I n+1 = I | T n } 

= Q ((U n ,V n ),(u',v')), 

from which we deduce the Markov property. □ 
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Lemma 3.3. Let (U m ,I m ) be the process defined by (|3. 13|) and l|3.14p . Assume 
that all Qi, 1 < i < k, satisfy l|3.7p and are successfully coupled with Qo- Finally, 
assume that (|3.1|l holds for Qo and that <^(Qo) is recurrent. Then P-a.s. it holds 
r n < co for all n > 0. In particular all Qi, 1 < i < k, satisfy l|3.ip . and we set 
Pi — ^{Qi)- Moreover 

(a) For all n >0, the law of U Tn+1 — U Tn given Q n := T Tn V <j(I Tn+ i) is Pi Tn+1 ■ 

(b) For alln>0, 

(3-15) I Tn+1 = It„+i = F{A Tn+ i, {U Tl ,I Te ){T e <n})- 

(c) For {i,u) 6 {1, ...,&} x 7L, write V i u for the law of the Markov chain on 1? 
with transition matrix Qi, starting from (u,0) and stopped at the first time the in- 
coordinate returns to 0. For all n > 0, given Q n , the law of the excursion from the 
V -axis 

(U Tn+e ,W T 

n+t )0<e<T n +i—T n 

Proof. The proof is by induction on n. First take n — 0. Then t± < oo a.s. by 
virtue of Lemma l3"TTl Now part (a) for n = is contained in part (c) for n = 0. Part 
(b) for n = follows from (|3?L0|) . (|3~TT|) and $5J3§ . In particular, it follows from 
(|3,10p and from the definition of the r's that I m can only change when W rn — 0, so 
that I m is constant on the intervals [r„ + 1, r n +i] for n = 0. Equation (|3,15p follows 
from (|3.10p and (|3. 13|) . The proof of part (c) for n = is very similar to the one of 
Lemma l3~2l We skip the details. 

Now assume that tn < oo and parts (a)-(c) have been proven for n < N. Then 
given Q n , on the event {I TN +i = i}, tn + i — tjv is equal in law to t\ for the Markov 
chain with transition matrix Qi started at (U TN , 0) . Lemma 13.11 implies that this 
T\ is finite a.s. Thus tat +1 < oo P-a.s. Now statements (a)-(c) for n = N + 1 can 
be proven as in the case n = 0. Again we skip the details. □ 

The following lemma is almost immediate from Lemma 13.31 and the strong 
Markov property. The lemma shows that a sample path of Benjamini's process 
can be built up from a sequence of excursions, by identifying the initial point of 
each excursion with the endpoint of the preceding excursion. This leads to our 
principal recurrence result, Theorem 13.51 which deduces recurrence of a Benjamini 
process from simple and known recurrence properties of some of the excursions. 

Lemma 3.4. The processes {S n ,i(n)} n >o defined by (|1.2p and (U Tn , I Tn )n>o have 
the same distribution. 

3.1.3. Recurrence properties and examples. 

Theorem 3.5. Let (Qi,0 < i < k) be a sequence of transition matrices on Z 2 which 
are translation invariant in the sense of Q3.2p , Assume that for all 1 < i < k, Qi is 
successfully coupled with Qq. Assume further that Qo satisfies l|3.ip . Po = tp{Qo) is 
recurrent and that all Qi, 1 <i < k, satisfy ([3.7P for some p > 0, independent of i. 
Then for any process {S n , i(n)} n >o that satisfies (|l.ip with Pi = tp(Qi), {S n } n >o 
is recurrent. 

Proof. Let {S n , i(n)} n >o be a process satisfying (|l.ip . Without loss of generality 
we can assume that So = 0. Such process can be defined by l|1.2p for some functions 
F and G. Let (U m , I m ) be the process defined by (j3- 13|) and p,14p with F defined 
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by p.lOp and p. lip , and with Uq = (0,0,0). Let P be the measure governing the 
choice of the independent uniformly distributed random variables used to define 
the process (U m ,I m ), We still denote by r„, n > 0, the successive return times to 
of W, as defined in (|3. 12|1 . Lemma [3~4l states that (S n , i(n)) n >a is equal in law to 

(U Tn , I Tn )n>0- 

We now prove that {U Tn } is recurrent on Z. To this end observe that (U, V) 
is a Markov chain with transition matrix given by Qo and that Pq = <p(Qo) is 
recurrent. This implies that for any fixed u, {Ui, Vg) — (u, 0) for infinitely many I 
with P-probability 1. Moreover, by construction, \W\ < |V| + 1. So 

{Ui,Wi) € {(u,0),(u,-l),(it,l)} infinitely often, 

still with P-probability 1. Denote by a n , n > 0, the successive return times to 
{(u,0),(u,-l),(u,l)}of (U,W). 

From here on we can follow the proof of Lemma l3~T1 (which is the case k = 1). 
We redefine 

/C t := a((U n ,W n ,I n );n < t), C t = /C CT(t) , 
and we replace the condition (|3.7p by (with the event B as in (|3.6p ) 

(3.16) Q,,ii{B}>P, 

where Qi t \ (resp. Qi,— i) denotes the law of the Markov chain with transition matrix 
Qi when it starts at (0, 1) (resp. at (0, — 1)). We further redefine the events 

B n = {W a(n) = 0} = {(U a(n) ,W a{n) ) = («,0)}, 

and B n = B n U B„+i. The proof will be complete if we show that 

B n occurs infinitely often P-a.s. 

Now B n £ and on = i}, it holds 

¥{B n I £„} = l { ^ (n)=o} + P{^ CT( „ + i) = | £ n }l { ^ (n)=l} 

+HW a[n+1) = I C n }l {w ^ n)= _ l} 

> l{w a(n)=0 } + Qt,i{B}l{w„ {Tl)=l } + Qi-i{B}l { w !7{n)= _ 1 }, 

by using that given C n and on {I a (n) = i}, the law of {U a ( n ) +k , W a {n)+k)k stopped 
at the first positive time W reaches 0, is the same as the law of the Markov chain 
with transition matrix Qi starting at (u,W a ( n )) and stopped at the first time W 
reaches 0, and then by using the translation invariance of Qi. Next ([3.16P implies 

P{S„ | £„} > p. 

We conclude by using the conditional Borel-Cantelli lemma as in the proof of 
Lemma l3~!Tl □ 

We state now an analogous result which can give examples of transient processes. 
We say that a process is transient if almost surely it comes back a finite number of 
times to each site. A law is said to be transient if the associated random walk is 
transient. 

Theorem 3.6. Let (Qi,0 < i < k) be a sequence of transition matrices on 1? 
which are translation invariant in the sense of \2>.2\ and satisfy (|3.ip . Assume 
that for all 1 < i < k, Qo is successfully coupled with Qi. Assume further that 
Pa = tpiQo) is transient. Then for any process {S n ,i(n)} n >o, which satisfies (|l.ip 
with Pi = tp(Qi), {S n } n >o is transient. 
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The proof of this result is analogous to the proof of Theorem 13.51 and left to the 
reader. Note the asymmetry. The hypothesis is that Qo is successfully coupled 
with Qi, instead of Qi with Qq. 



Theorem 13.51 solves in particular the recurrence part in Benjamini's original ques- 
tion. This is explained in the following example. Here and in the remainder of this 
paper "Cauchy law" will always be short for "symmetric Cauchy law". 

Example 3.7. Let Qo be the transition matrix of a simple random walk on Z 2 : 
Qo((u,v),(u',v')) = l/4]£(u',v') € {(u,v±l),(u±l,v)}. We call P := <p(Qo) the 
"discrete Cauchy law". Observe that Pq is recurrent. Benjamini's process uses in an 
arbitrary order jumps of law Pq and jumps of law Pi, with Pi(l) = Pi(— 1) = 1/2. 
Proving Benjamini's process is recurrent using Theorem 13.51 would require finding 
Qi such that Pi — <p(Qi), and then to prove that Qo and Qi are both successfully 
coupled with Q . Such Qi does not exist. So instead we will define Qi, such that 
Pi = f{Qi) satisfies 

(3.17) P{±1} = 1/4 and P{0} = 1/2. 

As far as recurrence is concerned, there is no difference between using Pi or Pi, as 
we show in Lemma [5T81 below. 



So let us now define Qi and the two different couplings. Assume (u, v,w) € Z 3 
are given. Let (U, V) be a simple random walk on Z 2 starting from (u, v) and define 
the process W by Wq — w and W n — for all n > 0. W is deterministic and hence 
independent of (U, V). Then U = (U, V, W) and [U, W) are Markov chains and Qi, 
the transition matrix of (U, W) , has entries 

Q 1 [{u,w),{u± 1,0)] = 1/4 and Qt[{u,w), (u,0)] = 1/2 for all u,w. 

Moreover, it is straightforward that Qi is successfully coupled with Qo and satisfies 
p.7p for p — 1/2 . Observe also that (|3- 1T|) holds, as claimed. 

Next we define the coupling of Qo with itself. We still let (U, V) be a simple 
random walk on Z 2 starting from (u,v). But this time W is defined by Wo = w 
and for n > 0, by 



(3.18) W n +l-W n = 




if W n V n > or if V n = and W n > 0, 
otherwise. 



Then U = (U, V, W) and (U, W) are Markov chains, and the transition matrix of 
(U,W) is Qo- Moreover, it is straightforward that this gives a successful coupling 
of Qo with itself, and that Qo satisfies l|3.7p for p — 1/4. Thus the hypotheses 
of Theorem 13.51 are satisfied by (Pi,P2), where P2 = Po = (p(Qa). Therefore 
for all processes (S n ,i(n)) n >o satisfying (|l.ip (or equivalently, for all processes 
(S n ,i(n)) n >i defined by (|1.2p ). the resulting processes S will be recurrent. The 
fact that Benjamini's process is recurrent is now a consequence of Lemma [ 



Remark: In Section 4 we shall use some consequences of this example in the 
special case when k = 2 and the corresponding distributions Qi and Q2 = Qo are 
as defined a few lines before (|3.18p . Let now /„ and (U n , V n , W n ) be the processes 
defined by (|3.13[) and (|3. 14|1 - Recall (U n , V n ) is a simple random walk on Z 2 . First 
it needs to be pointed out that in this special case, the function G2 can be defined 
such that (|3. 18|) is valid for n £ [73, Tt+i) for some £ with I n+ i = I Te +i = 2, and the 
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function G\ is defined such that when I n +i = 1, then W n +i = W n = 0. We claim 
that 

U n = V n = 0, 14+1 = -1 and W n € {-1, 0, 1} 

together imply U n = W n = or U n +i = W n +i = 0. 

To see this assume that U n = V n = and 14+i = — 1. Then 14+ 1 — 14 = — 1. 
If W„ = 0, then ?7 n = W n = by assumption and there is nothing to prove. 
Assume then that W n — +1. This excludes I n +i = 1, because when -4+1 = 1, then 
W n = W n +i = 0. So J n+ i = 2 and ([318]) applies. Thus 

W n+ i -W n = 14+i - 14 = -1, whence W n +i = W n - 1 = 0. 

Moreover the jump from (14,14) to (J7 n+ i, 14+i) can only be of size 1 (because 
(14, 14) is a simple random walk on Z 2 ). But there already is a change of size 1 
in the ^-direction. Thus we can only have t4+i — U n = 0. This proves our claim 
in case W n — 1. The case W n = — 1 is entirely similar, since now W n +i — W n = 
-04+1 - V n ). Thus QUll holds in general. 

Lemma 3.8. Let (Pi, 1 < i < k) be a sequence of probability distributions on Z. 
Assume that for all processes (S n ,i(n)) satisfying Q1.1J1 with Pi instead of Pi, the 
process S is recurrent. Let now IcNi be given and let (Pi , 1 < i < k) be defined 
by Pi=Pi ifii 1, and ifiel, P l {u} = Pi{U = u \ U ^ 0} , for u ^ 0, with U a 
random variable of law Pi . 

Then for all processes (S n ,i(n)) satisfying Ijl.ip . S is recurrent as well. 

Proof. First note that the hypothesis on the Pi's means that for any choice of 
F : [0, 1] x 14>i(Z x Nfe) n -> N k , the process defined by JO]) (with F and G in 
place of F and G respectively, and G associated to the Pi's) is recurrent. 

The intuition for this lemma is clear. A walker using P, as distribution for his 
displacement stands still with probability Pi(0). In fact when he arrives at a new 
site he stands still a geometric number of times and then makes a displacement with 
distribution Pi . The standing still has no influence on the collection of sites visited 
by the walker and hence does not influence recurrence. Recurrence will be the same 
whether Pi or Pi is used. A complication arises because we have to deal not with 
sequences (S n ) but with sequences (S n ,i(n)), and even the latter sequences are not 
Markovian. 

Let now (S n ,i(n)) be a process satisfying Ql.l)l . To simplify, we take Sq = 0. As 
is explained in the introduction, such a process can be constructed with functions 
F : [0, 1] x 14>i(Z x Nfe)" [0, ljxN^Z and independent sequences 

(Ag)e> and (Bg)g> of i.i.d. uniformly distributed random variables on [0,1]: for 
n > 0, 

i(n+l) = F(A n+1 ,(S e ,i(£)) e < n ) 

and 

S n +i - S n = G(B n+ i, i(n + 1)). 
Here G is such that the law of G(B\, i) is Pi. 

Let now F : [0, 1] x U„ eN (Z x N k ) n N k be defined by 

(3.20) F(a,(s(£),j(£)) l < n )=j(n), 
if j(n) £ X and s(n) — s(n — 1), and otherwise by 

(3.21) F(a, (s(£),j(l))i<n) = F(a, (s(t e ), j(t e )) e < m ), 
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where to = 0, 

(3.22) tt = inf{r G n] : s(r) ^ s(r - 1) or j(r) 1} for £ > 1, 
and 

(3.23) m = sup{£ : tt < oo}. 

Note that (|3.20[) - (|3.23)1 are merely the definitions of the non-random functions tt, m 
and F at a generic point a,(s(£),j(£))t< n of their domains. Note also that, by 
convention, tt = oo if the set in the right hand side of (|3.22[) is empty. In particular 
this is the case for I > n. 

Let G : [0, 1] x — > Z be such that the law of G{B\,i) is Pi. Define the random 
quantities (S n , i{n)) by Sq = 0, z(0) = i(0) fixed in Nfc, and for n > 0, 

(3.24) i(n + 1) = F(Ah.i, ?(*))*<„), 
and 

(3.25) S„+i-S n =G(B n+1 ,T(n + l)). 
Equation (|3.20p implies that 

(3.26) i(n + 1) = i(n) if i(n) G I and S n — S n -\. 

Let po = and pi = inf{r > p^_i : 5 r ^ S r -i or i(r) ^ X} for £>1. Note that p n 
is essentially the value of t n at the random place (St, i(£))i< n . By definition 

(3.27) S r = S Pe for all r G [p £ , p w ), 
and 

(3.28) <J Pf+1 ^<? Pf if T(p/ + 1) G X 

Moreover, l|3.26p implies (by induction on r) that i(r) = i(pg + 1) for all r G 

(pt,pt+i\, and 

(3.29) l(pt+i) =l(pt + l) = F(A pe+1 ,(S r ,l(r)) r < p ,) 

= F(A pi+ i,(S Pr ,i(p r ))r<t), 

where the last equality follows from (|3.2 1(1 . Now, for any i G and u G Z, if 

•7"n = v({Al,Bi)t< n ), 

(3.30) P{S W+1 - S Pf = « | i(p< + 1) = i, T PI } = Pi{u). 
Indeed when i G X and ii^O, the left hand side is equal to 

P{{G{B Pt+K , i) = u} n {pt+i -pe = K}\ \p t + 1) = t, T Pl }, 

K>1 

which is equal to 

J2P i (0) K - 1 P i (u)=P i (u). 

K>1 

If i G 1 and u = 0, both sides of (|3~30)l equal by ([3728]) and the definition of X. 
When i(pt + 1) = i and i G" 2", then p^+i = pi + 1 and (|3.30|) follows from the fact 
that P l = P l . 
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Finally we claim that p. 29ft and l|3.30p show that {S Pl ,i{pe)) has the same 
law as (Si,i(£)): indeed we shall show by induction on I that for any sequence 
j(l),...,j(£) G N fe , ui,...,n<6Z, 

(3.31) P{s Pf+1 - S pt = ut+i, i(pe+i) = j{£ + l),...,S Pl = ui.i(pi) = , 
is equal to 

(3.32) F{S t+1 -Si = ui +1 , i{e + l)=j(t + l),...,S 1 =u 1 ,i(l)=j(l)}. 
But (pHTj) is equal to 

p j(e+i)(u e+1 )¥ ^i(p e+1 ) = j(£ + l), ...,S P1 = u x ,i{pi) = j(l)j , 

by l|3.30p . By using (|3.29p we see that the second factor in this last expression is 
equal to 

F{F(A pt+1 ,(s r J(r)) r <e)=j(e + l)} 
x P js w -S Pi _ 1 =Ui, i(pe) = j(£),...,S pi =«i,i(/Ji) =j(l)|, 

where for all r, s r := Ui + ■ ■ ■ + u r . Then an induction procedure shows that (|3.31l) 
is equal to p.32p . as claimed. 

Moreover, by assumption S is recurrent and (|3.27p implies that (S Pi ,£ > 0) is 
also recurrent. This proves the lemma. □ 

We finish with this last class of examples 

Example 3.9. Take for Qo the transition matrix of a Markov chain (U, V) such 
that U and V are both Markovian and independent of each other, and such that 
Po = <f(Qo) is recurrent. Assume that for all i € [1, k], Qi is the transition matrix of 
a Markov chain (U, W%) such that U and Wi are both Markovian and independent 
of each other (the chain U being the same for Qo and for Qi). Assume that all 
Qi's are translation invariant (note that this hypothesis only concerns the Markov 
chain U). Suppose also that for all i it is possible to couple the chains V and Wi 
such that (V, Wi) is Markovian and such that if |Wj(0)| < |V(0)| + 1 then for all 
n > 0, |Wi(n)| < |V(n)| + 1. Let now U be a chain independent of this Markov 
process (V, Wi). Then (U,V) and (U, Wi) are both Markovian respectively with 
transition matrices Qo and Qi. This coupling of (U, V) and (U,Wi) shows that Qi 
is successfully coupled with Qo- Assume also that the Qj's, i < k, satisfy Q3.7P for 
some positive p, uniformly in i. Then the hypotheses of Theorem 13.51 are satisfied. 

This can be applied to the following: let (A n ) and (B n ) be two independent 
sequences of i.i.d. random variables uniformly distributed on [0, 1]. Let p G [0, 1/2) 
and let U(n) — X)™=i(l{Ai>p} — l{A,<i-p})- Let V be the simple random walk on 
Z defined by V(0) = vq and 

V(n) - V(n - 1) = l{ B „<i/2} - l{s„>i/2}- 

Let (pi(w) : i > 1 and w > 0) be such that pt(w) G [0, 1/2] for all w G Z. Define 
Wi by Wi(0) = and on the event {Wi(n - 1) = w}, 

Wi(n) — W = [l{B n < Pi (w)} — l{B n > Pi (w)}]l{w>l} 

+ [-k-B„>pj(io)} — l{B„<pi(iu)}] l{iu<-l} 

+ [l{B n <l/2-p j (0)} _ l{B„>l/2+p,(0)}] l{u)=0}- 
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Then one immediately checks that |Wj(n)| < |y(n)| + 1 for all n > 0, and the 
resulting transition matrices Qi are successfully coupled with Qo. Moreover Con- 
dition l|3.16p is satisfied for all Qj's with (1 — 2p)/2 instead of p. Thus for any such 
choice of (pi(w)), we can apply Theorem 13,51 and find in this way many examples of 
recurrent processes. However, given the (pi(w)) , s, it is usually not easy to describe 
explicitly the associated laws Pi. 

3.2. Continuous case. We present now an analogous coupling method (in the 
spirit of Example I3.9P when the laws Pi are defined on E, because in this case, by 
using stochastic calculus, we can give more explicit examples of Pi's, which can be 
used to construct recurrent processes {S n } (see Proposition 13. 151 below) . 

Let B^ and B^ be two independent Brownian motions started at 0. Let 
(C/o, Vb, Wo) be a random variable inlxt+x M+, independent of B = {B^\B^). 
For all t > 0, set U t = U + B { t 1} . Let (a ,b ) : [0,+oo) -> M 2 be some Lipschitz 
functions and vq > some constant. Then (see Exercice 2.14 p. 385 in [15]) the 
stochastic differential equation 

(3.33) V t = V + f a (V s ) dB ( ^ + f b (V s ) ds + L u 

Jo Jo 

with L the local time in of V, admits a unique solution which is measurable with 
respect to the filtration generated by B^ . 

Consider next (cr, b) : (0, +00) — > R 2 some locally Lipschitz functions and the 
stochastic differential equation 

(3.34) W t = W + [ <t{W s ) dBf ] + [ b(W s ) ds, t < T A e, 

Jo Jo 

where 

e = inf{£>0: W t = +00} and T = inf{t > : W t =0}. 

It is known (see for instance Exercise 2.10 p. 383 in [15]) that if a and b are locally 
Lipschitz, then equation (|3.34p admits a unique solution W which is measurable 
with respect to the filtration generated by B^ 2 \ When (Uq, Wq) = (0, 1) and when 
(cr, b) is such that 

(3.35) T < e almost surely, 

we denote by P the law of Ut- Then, like in the discrete case, we have P = </?(cr, b) 
for some function <p. In the following, all (a, b) will be assumed to be locally 
Lipschitz and such that (|3.35|) is satisfied. Moreover, for w > we will denote by 
the law of (W t )t<T when Wo — w. 

We say that (cr, 6) : (0,oo) — * R 2 is successfully coupled with (00,60) if for any 
solutions V and W, respectively of (|3.33|) and (13.34j) . with W < V + 1, we have 
Wt < Vt + 1 for all t < T . Note that, by using a comparison theorem (see [9] 
Theorem 1.1 p.437), if for all v > 0, a(v + 1) = <t q (v) and b(v + 1) < b (v), then 
(cr, 6) is successfully coupled with (<ro,b ). 

Let ((o"j,6j),0 < i < k), k < 00, be a sequence of locally Lipschitz functions on 
(0,oo) 2 such that for all i G (<Ti,bi) is successfully coupled with (<7o,&o)' For 
i G Nk, set Pi = tp((Ji,bi). 

Let F : [0, 1] x U„>i(R x N k ) n -> N fc be given. This function F determines the 
index i in (ai,bi) which will govern the steps in our modified random walk over a 
certain random time interval, as we make more precise now. 
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Let (A n ) n >i be a sequence of independent random variables uniformly dis- 
tributed on [0,1]. Assume that this sequence is independent of B. Let V be 
the solution of (J3T33J) , with Vq — 0. Let (Uo,Iq) be a random variable in R x Nfc, 
independent of A and B. Define (r„) n >o an increasing sequence of random times, 
and the processes (W / t *)t<r 00 and (I^tKTx,, with 

(3.36) ^ ■= lim T n , 

n — >oo 

by the following: first to = 0. Assume then that (ri,...,r„) and (It, W£)o<t<T n 
are defined and measurable with respect to the c-field 

a((U a) B,).< T JV<r(Ai,...,A n ). 

Assume moreover that It — I Te+ i for t € {jn, T£ + i] and I < n — 1, and that W* = 
for all 1 < I < n. For £ < n, set i(£) = I T( , and = U T( . Then we define i(n + 1) 

by 

i(n+ 1) = F(A n+1 ,(S e ,i(£))e< n ), 
and W n as the solution of 

W? = l+ f cr iin+1) (W?) dB?+ [ b i{n+1) (W?) ds, i<T<">, 
Jo Jo 

( \ (2) (2) 

where T (n) is the first time when W n reaches 0, and where B T s n — B T +s — B\ n . 
The process W n is well-defined since B Tn is independent of i(n + 1). Let 

Tn+l :=T„+TW. 

Then set 

= W?_ Tn and 7 4 = i(n + 1) for t G (r„,r n+ i]. 

This defines the sequence r„ for all n and (W^,Ii) for £ < t^. 

Let now JF t = a((U s , B s , I s ) s <tA Too )• Then, (r„)„> is a sequence of ^-stopping 

times and like in the discrete setting, we have 

Lemma 3.10. For all n > 0, the conditional law of U Tn+1 — U Tn given Q n := 
T Tn V a(i(n + 1)) is P^ n+ i). 

Proof. Given Q n , the law of {W t n = W* n+t ) <t<T n+1 -r n is p^<"+ 1 >' bl ("+ 1 ' ) an d 
({J™ = i/ T „+t — U Tn )t>o is a Brownian motion independent of (W™)o<t<T„ + i— r„. 
The lemma follows, since by definition (/3(cr i („ +1 ) , 6 i („ +1 j) = Pi( n +i). □ 

This lemma implies that the sequence (S n , i{n)) n >o has the same law as the process 
defined in the introduction by (|1.2|l (with (So,i(0)) = (Uo,Iq)). Moreover we have 
the following result: 

Proposition 3.11. Assume that there exists positive constants < a < 1 < j3, a+ 
and b+ such that 

(3.37) < (Ji(x) < a + and \h(x)\ < b + for all x £ (a, (3) and all 1 < i < k. 

Then t^, as defined in <|3.36[) . is a.s. infinite for any choice of (i(n),n > 0). 

Proof. We start with a lemma. For z e R, let T z := inf{i : W t * = z}. In particular, 
T = T . 
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Lemma 3.12. Let (cr,b) be locally Lipschitz and < a < 1 < [3 some constants. 
Then for all r > 1, there exists a constant C > depending only on r, a, (3 and 
o-max := supa-g^j \a{x)\, such that 

¥ (*,b) {T < e} < Ce r for aU e < ((i _ a ) A (/3 _ l))/(26 max ), 

wAere 6 max := sup xe[Q , !/3 ] |6(x)|. 

Proof. First we have 

P^ b) {T < e} < P^' b) {T a < e} < P^' b) {T Q A T p < e}. 



Next set, for all t <T, 



H(t) := f a(W s ) dB& + f b(W s ) ds. 
Jo Jo 

i a ' b) {T a A T> < e} < P (sup \H(t A T a A 2»| > (1 - a) A - 1) 



We have 



If e < ((1 — a) A (/? — l))/(26 max ), this last term is bounded by 

(1- a) A 09-1)' 




tAT a /\T 

<j(W s ) dBP 



> 



which by Doob's inequality (Theorem (1.7) p. 54 in [15]) is bounded by Ce r for some 
constant C > 0, which depends only on r, er max , a and f3. This concludes the proof 
of the lemma. □ 

Taking r = 2 in this lemma, we have that for n > ((1 - a) A (/3 - l)) _1 2fo+ 

P{r„+i — r„ < rT 1 | £„} < Cn- 2 . 

Proposition GTTT] follows now from the conditional Borel-Cantelli Lemma (Theorem 
12.15 in [16]) by a standard argument. □ 

Let us give now p — (p e ) e> o such that p e € (0, 1) for all e > 0. Let (<r, b) be 
locally Lipschitz and let W be the solution of (|3.34[) . with Wq = wq. Remember 
that T = ia£{t > : W t = 0}. We write C'(p) = C"(p, a, b)) for the property 

(3.38) P{U T e [-e, e]} > p e for all e > and all w S (0, 1], 

where [/ is a Brownian motion starting from independent of W. 

We say that a process on E is recurrent, if for all e > and all x € K, it 
returns a.s. infinitely often to [x — e,x + e). Similarly a law P is recurrent if the 
associated random walk is recurrent. The analogue of Theorem 13.51 is then the 
following theorem: 

Theorem 3.13. Let p — (p e ) e >o be given. Let (cto,^o) be a Lipschitz function and 
(((Ti,6j),l < i < k) be a sequence of locally Lipschitz functions. Assume Q3.35P 
holds for i S {0} U Set P{ = tp{oi,bi). Assume that there exists < a < 
1 < (3 and positive constants a + and b + such that (|3.3T|) holds. Assume moreover 
that Po = ip(ao 7 bo) is a recurrent law on M. and that for each i G (cxi,&i) is 
successfully coupled with (ao,bo) and satisfies p.38p . Then for any (S n ,i(n)) n >o 
which satisfies (|1.1|) . the process {5„} n >o is recurrent. 
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We state now an analogue of Theorem 13.61 which can give examples of transient 
processes. We say that a process on R is transient, if for all a < b, it returns a.s. 
a finite number of times in [a, b] . Similarly a law P is transient if the associated 
random walk is transient. 

Theorem 3.14. Let (ao,&o) be a Lipschitz function and ((<7j,&j),l < i < k) be a 
sequence of locally Lipschitz functions. Assume (|3.35|) holds for i € {0} U Nfc. Set 
Pi = tp(ai,bi). Assume that there exists < a < 1 < [3 and positive constants a+ 
and 6+ such that <|3.37|> holds. Assume moreover that Pq = ip(ao,bo) is a transient 
law on R and that for each i S Nfe, (00, &o) * s successfully coupled with (cr,,6j). 
Then for any (S n ,i(n)) n >o which satisfies the process {S n } n >o is transient. 

The proof of these theorems are similar to the discrete case and left to the reader. 

As an example of laws which are successfully coupled we give the following result: 

Proposition 3.15. Let Pq be the Cauchy law on R. Set (do, bo) = (1,0). Then 
(<7o, 60) satisfies (|3.35|) . is successfully coupled with itself, and Pq = f(cro, bo)- More- 
over for any a € [1,2], there exists (a a ,b a ) locally Lipschitz satisfying (| 3 . 3 5 1) . suc- 
cessfully coupled with (ao,bo) and such that (p(a a ,b a ) is in the domain of normal 
attraction of a symmetric stable law with index a. 

Proof. The fact that (00,60) satisfies (|3.35p and is successfully coupled with itself 

(2) (2) 
is immediate (in the coupling we have Vt = Vq + B\ \ + L t and Wt = Wo + B t 

for t < T). So let us concentrate on the second claim. The case a = 1 is given for 

instance by Po itself. Now we prove the result for a — 2. Take (a, b) = (0,-1) to be 

constants. Then W t = W -t for all t < T = W . Set P = ip(a, b) = tp(0, -1), (|3T35|> 

being obviously satisfied. Let U be a standard Brownian motion on R. Observe 

that when Wo = 1, then W reaches at time T = 1. Thus P is the law of U at 

time 1 which is the standard Gaussian and it is immediate that (a, b) = (0,-1) 

is successfully coupled with (00, fro) = (1,0). This gives the result for a — 2. It 

remains to prove the claim for a G (1, 2). For v € (—1, —1/2), let be a Bessel 

process of index v starting from 1, i.e., is the solution of the SDE: 

W[ v) = 1 + Bf ] + (v + 1/2) / — j-^r ds for all t < T, 

Jo WP 

where is a Brownian motion and T is as always the first time when W reaches 
0. It is known (see fUJ) that T is a.s. finite when v £ (-1,-1/2). Set cr (l/) = 1 
and bM(w) = {v + l/2)/w. Then, for v G (-1,-1/2), (a^\b^~>) satisfies pl| . 
Set PM = tp{a^\b^). We claim that if v € (-1,-1/2), then (a {u \b^) can be 
successfully coupled with (ao, b ) and PM is in the domain of attraction of a stable 
law with index —2v. The first part is immediate: since v + 1/2 < 0, it follows 
from a comparison theorem (see [9] Theorem 1.1 p. 437). For the second part, first 
observe that 

E{e mUT } =E{e"^ T } foralluGR. 

So the characteristic function of is related to the Laplace transform of T. For 
Bessel processes this last function can be expressed in terms of modified Bessel 
functions: if 4> v is the Laplace transform of T, the hitting time of for a Bessel 
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process of index v < —1/2 starting from 1, then (see [10] Theorem 3.1): 

where T is the usual Gamma function and K v is a modified Bessel function (to 
see this from [10], take a = 1 and let 6 tend to in Formula (3.7), and use the 
asymptotic when x — > of K v {x) given just above Theorem 3.1). Moreover (see 
[it] Formula (5.7.1) and (5.7.2)) we have 

KM = 1 I ~ M .~ IM forall S >0, 
2 sin t/7r 

where 

M.) = E«^b+i) forall S >0. 

This shows (use also basic identities of the Gamma function given in Formula (1-2.1) 
and (1.2.2) in [H]) that for u close to 0, 

E {e mUT } = 1 - cu- 2v + o{u- 2u ) 1 

for some constant c > 0, which proves our claim. □ 



4. A WEAK LAW OF LARGE NUMBERS 

The next result answers the second part of Benjamini's original question: 

Theorem 4.1. Let (S n ,n > 0) be the process on 7L, which at a first visit to a site 
makes a discrete symmetric Cauchy jump and at other visits makes a ±1 Bernoulli 
jump. Then 

(4.1) — sup I St I— ► in probability. 

n t <n 

Proof. We shall first prove (|4.ip with St replaced by the auxiliary process St which 
was already used in Lemma l3~!8l (and introduced in the Example 13. 7p . The process 
St makes a discrete symmetric Cauchy jump at a first visit to a site and at other 
visits makes a jump with distribution Pi, where 

Pi{±l} = 1/4, Pi{0} = 1/2 and Pi-ju} = for u $ {-1,0, +1}. 

Quantities referring to the walk {S n } will all be decorated with a tilde, but will 
otherwise be defined in the same way as their analogues without a tilde. We further 
remind the reader that Pi is the distribution on Z which puts mass 1/2 on ±1 and 
that P2 is the discrete Cauchy distribution. 
Let R n be the range at time n, i.e., 

R n = cardinality of {So, Si, ... , S„-i}. 

This means that during the time interval [0,n — 1] Se took exactly R n Cauchy 
jumps and n — R n steps with distribution Pi. Let us now use the construction of 
the {Si} which is the analogue of the one given for {Se} in the introduction. We 
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give distribution Pi to each step Y(l,£),£ > 1, and distribution P2 to each Cauchy 
step F(2,£),£> 1. Then 

n-R n R n 

S n = J2 Y(1,£) + J2Y(2,£). 
i=\ i=\ 

Consequently, for any e > it holds that on the event {R n < en}, 

s r 

sup|5 4 | <sup|^y(l,£) + sup \Y,Y{2,£) . 



t<r 



e=i 



By maximal inequalities (see [2], Theorem 22.5) we therefore have for any e < 
1, a > 0, 

P{sup|5 f | > 8cm} < F{Rn, > en} + 4maxP [| ^Y{1,£) 



> an 



(4.2) 



+ 4maxP<j I ^Y(2,t) 



> an 



Now, as is well known (eg. by Chebyshev's inequality), for each fixed a > 0, 



(4.3) 



maxPi 



> an 



as n ► 00 . 



Also, for fixed a > 0, e > 0, t < en, 



(4.4) 

and 

(4.5) 



> an > < 



1=1 



a 
> -t 



limp||£>(V) >7tl=/(^), 



for some function /(•). Moreover, f{a/e) can be made as small as desired by taking 
a/e large. In fact, 

m 

— > Y{2,£) converges in distribution to a Cauchy variable, 

m — ' 



as 771 — > 00 (see [6], Theorem 17.7). It is immediate from l|4.2p - l|4.5p that 
(4.6) — R n — » in probability 

77 

is a sufficient condition for (|4.1|1 with St replaced by S t - 

We now turn to a proof of (|4.6fl - Since < R n /n < 1, (|4.6fl is equivalent to 

1 ~ 1 

-Ei?„ = - VP{A t ,„_ t }^0, 



t=0 



where 



At,t — {St is not revisited during [t + l,t + £ — 1]} 
= {S t ^S f+s forl< S <£-l}. 
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In particular, since A t> e is decreasing in £, a sufficient condition for the WLLN for 
S n is that 

(4.7) lim F{A tJ } = uniformly in t. 

I— *oo 1 

Recurrence essentially is property (|4.7p . without the uniformity requirement. To 
prove l|4.7p with the uniformity we use the coupling defined in the remark below 
Example 13. 7} as we now explain. Let Qo be the transition probability matrix of a 
simple random walk on Z 2 . Denote this walk by {(t/„, V n )} n >o and let its starting 
point be (0,0). We proved in Example 13.71 that Qo is successfully coupled with 
itself. We shall use a part of that result here. We also need to know that there 
exists another process {(U n , W n )} n >o which also starts at (0,0) and takes values in 
Z 2 and in addition a coupled process {{U n , V n , W n )}„>o such that 

the law of the imbedded process of {(£/„, W n )} in the 
[/-axis is the same as the law of Benjamini's process {S n }, 

and 

(4.8) | W n \<\ V n | +1. 

We remind the reader that the imbedded process here is {U Tn }n>o, where tq = 
and for i > 1 

t(£) = inf{f > t(£ - 1) : W t = 0}. 

In the remainder of this proof we shall often write T((j)) instead of for certain 
T and 0, in order to avoid double subscripts. Now fix some t € {0, 1, . . . , n — 1}. 
For time running from to t we let Uq, Uf, ■■■,U* be a copy of {S^}o<^<t- No 
coupling of this process with another process is needed. However, we shall further 
need an independent copy of the variables {(U n , V n , W„)}„>q with its corresponding 
sequence of times ti at which the walk {{U n , W n )} visits the [/-axis. The successive 
positions of Benjamini's walk determined by the triple {(U n , V n , W n )} n >Q itself 
would be U{tq), U(ti), .... However we want to shift those positions to come right 
after the previous points {Uj}. This requires one important change. In the coupling 
construction by itself, at a time r at which W T — 0, assume that the Benjamini 
walk arrived in some point, u say, on the [/-axis. In order to choose the next step 
for the walk one must now decide whether the visit to u at r is the first visit by 
the walk to u or not. In the construction of Example 13.71 it would be a first visit if 
and only if U(T m ) ^ u for < r m < r. Here we have to modify this. We think of 
the walk as first traversing Uq, U{, . . . , U*, and then to start from time t on to use 
the coupling construction. The visit at time r to u will therefore be counted as the 
first visit if and only if 

U(r m ) u - Ul for < T m < r and [/* ^ u for < s < r. 

After this change, the path 

Ul U[, ...,U\ = Ul + U(r ), Ul + U(n), Ul + U(r 2 ), . . . 

is a typical path of a Benjamini walk, but with a modified rule for determining 
whether a point is fresh or old. To be more precise, let 8 = <3(t) = {Uq = 
0, U\ , . . . , Ul} be the set of points visited by the Benjamini walk during [0, t]. Now 
first fix <d(t). Then At,e occurs if and only if none of the next I — 1 positions of 
a Benjamini walk equals C/ t *. However, for this second stage the points of 8 are 
regarded as old points, even if they have not been visited before. Thus we use a 
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modified Benjamini walk in which the walk takes a simple symmetric walk step 
when it is at an old point or a point from 9, and a discrete Cauchy distribution 
when the walk is at a fresh point outside 9. We shall call this the Q-modified 
walk. The original Benjamini walk is the special case of this when 9 = 0. When 
the dependence on 9 is important we shall indicate this by a superscript 9. In 
particular, the law of the walk which we just described (in which we regard the 
points of 9 as old points) is written as P e . Choosing or modifying 9 merely 
modifies the rule by which the index i, or equivalently the function F in (|3. 10(1 and 
(|3,15p is chosen. However, Lemma [3751 remains valid for the 9-modified process. In 
particular, we can express the conditional law of St+ S — St given Tt, by means of 
P e (*). This gives 

¥{A t ,t} = E{P{S t+q ^ S t for 1 < q < £ - l\F t }} 
= E{P e(t) {5 q ^ for 1 < q < £ - 1}} 

< supP e {S g ^ for 1 < q < £ - 1}. 

e 

We now complete the proof of (|4.7p . We find it useful for this purpose to intro- 
duce the events 

Ag := {U q = V q = 0} n {V q+1 = -1}. 

Since {(U q , V q )} q >o is a simple random walk it is well known that this walk is recur- 
rent, so that with probability 1, the event {U q — V q — 0} occurs for infinitely many 
q. By a straightforward application of a conditional version of the Borel-Cantelli 
lemma (cf. Theorem 12.15 in [16]) it then follows that, again with probability 1, 
A q occurs infinitely often. For every q with V q = we have W q € {—1,0, 1}, by 
virtue of (|4.8p . The remark following Example 13.71 now shows that if A q occurs for 
some q, then also 

B q := {there exists some r r S {q,q + 1} which satisfies U(r r ) = W(r r ) = 0} 

occurs for the same q. Further, the fact that {5Vi} is the imbedded process on the 
[/-axis of the process (U, W) makes 

{S q 7^ and S q +i ^ 0} together with 

{there exists some r r 6 {q,q+ 1} which satisfies U(r r ) = W(r r ) = 0} 
impossible. Equivalently, 

{S q ^ and S q +± ^ 0} implies that B q fails. 
Taking intersections over 1 < q < £ — 1 then yields 

P e {A t A < P e {S q ^ for 1 < q < £} 

< F e {B q fails for all q < £- 1} 

< P{A q fails for all q < £ - 1} 

(use contrapositives for the last inequality). But the right hand side here is inde- 
pendent of t and 9, since it involves only the simple random walk (U n ,V n ). In 
addition this right hand side tends to as £ — > oo, since we already proved that 
with probability 1 infinitely many A q occur. This last estimate is uniform in i, 9, 
as desired. 
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This finally proves (gZZt and the WLLN, i.e., HZQ) with S t replaced by S t . How- 
ever, this proof is for the {X n }-process which takes a step with distribution Pi 
whenever the walk is at an old point. We shall now show that this implies the 
WLLN for the process {S n }, i.e., (|4.ip itself. Indeed, in the notation of the proof 
of Lemma l3.81 the processes {S n ,i(n)} n >o and {S Pn , i(p n )}n>o have the same law. 
In particular, 

(4.9) ( jsup | St \,i(n) ) and ( - sup | S Pe \,i(p n ) 

\t Kt J V' Kt 



have the same law. As explained in the proof of Lemma T3.8I we may even assume 
that all these variables are defined on the same probability space of sequences 
{Ag}i> , {B e } e > provided with the measure which makes all these variables i.i.d. 
uniform on [0, 1]. We denote this probability measure by P. It follows from (|3.30p 
and the lines following it that 

^{Pi+i - Pi > Q I cr(pi,p 2 , ■ ■ -,Pe)} < Ci exp[-C 2 g], 
for some < C\, C-x < oo. In turn, this implies that for some constant C S (0, oo), 

limsupsup — = limsup — = limsup ^- /t = 1 ^ e — Pt_J_ < q p ro b a biiity \ 

t^oo (<t t t^oo t t^oo t 

It follows that 

P{sup,< t I S pt |> et} 

< P{max e < t p e > (C+ l)t] + P{sup^< (c+1)t | St |> et}. 

The last term on the right here tends to as t — > oo and e > fixed, by virtue of 
(|4.ip with St replaced by St- Since also the first term on the right here tends to 
as t — > oo, we conclude from i|4.9p that (1/t) sup f<t | Se \— ► in probability, as 
desired. □ 
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